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Understand basic probability distributions terms
Distinguish between discrete and continuous probability 
distributions
Describe the three major discrete probability distributions: 
Binomial, Hypergeometric, and Poisson
Find the probabilities, mean, variance, and standard 




What is a Random Variable?
Random variables are measures of an object of interest 
generated by experiments or observations
Qualitative or categorical variables have no natural 
order: Colors, names, gender, animal species, etc.
Quantitative variables are numerical: Weight, height, 




Quantitative Variables can be 
discrete or continuous
Discrete Variables
• “Countable” numbers: 0, 1, 2, 3,
4, 5…
• Discrete variables are whole
numbers or integers
• Variables “jump” from one
integer to the next
• There are gaps in the
measurement scale
Continuous Variables
• Can take on an infinite number
of values between whole
numbers
• No gaps






Discrete Random Variables: 
Examples
Number of 
children in a 
family 
Number of times 
you have been on 
the subway today
Number of times 
you brushed your 
teeth today
Number of 
pennies in your 
pocket
Number of spam 
phone calls 
received this week





What is a Probability Distribution?
A table, chart, or formula listing all the possible 
random variables and their probabilities of 
occurring
Mathematical relationship that provides the 





Probability distributions can be:
Discrete Continuous
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Clear-Sighted Statistics
Discrete vs. Continuous Probability Functions
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When random variables are discrete, the 
probability distribution will be a Discrete 
Probability Distribution
When random variables are continuous, the 
















8*Covered in Clear-Sighted Statistics
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Clear-Sighted Statistics
Probability & a Probability 
Distribution
Probability of any outcome is between 0% and 100%
Outcomes are mutually exclusive
Outcomes are collectively exhaustive 
















Sample Space for Three Coin Flips
Trials 1st 2nd 3rd # of Heads
#1 T T T 0
#2 T T H 1
#3 T H T 1
#4 H T T 1
#5 T H H 2
#6 H T H 2
#7 H H T 2
#8 H H H 3
Coin Toss: Number of Heads
10
Clear-Sighted Statistics
Probability Mass Function (PMF)
Also known as the discrete 
density function
Provides the probability 
that a discrete random 
















Cumulative Probability Distribution 
(CPD)
Also known as the 
Cumulative Distribution 
Function (CDF)
Function that provides the 
probability that a random 
variable, X, is less than or 






0 1 2 3
Cumulative Probability: Number of Heads
CPD for Three Coin Flips 
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Probability Density Function (PDF)
A function that provides the value of any given 
point in the sample space of a continuous random 
variable





Expected Value is the Mean (μ) of a 
Discrete Probability Distribution
The expected value, E(X), is considered the most 
important measure of location in a probability 
distribution
E(X) is the weighted mean of the of the possible 




E(X) or Mean for heads with 














Variance, σ2, and Standard Deviation, σ, 
for heads with three flips of a coin
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Heads, X P(X) XP(X) X - μ (X - μ)2 (X - μ)2P(X)
0 12.5% 0.000 -1.500 2.25 0.281
1 37.5% 0.375 -0.500 0.25 0.094
2 37.5% 0.750 0.500 0.25 0.094
3 12.5% 0.375 1.500 2.25 0.281




Which discrete probability distribution to use?
Binomial
• Repeated trials 








a small (finite) 
population of a 
known size
Poisson
• Calculate the 
number of 
occurrences when 












*also known as James or Jacques (brother to Johann)
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Clear-Sighted Statistics
Binomial Distributions & 
Bernoulli Trials
A Binomial Probability Distribution shows 
all of the probabilities associated with the 







An experiment with only two outcomes: “Success” or “Failure”
Success means that a variable meets a criteria
Failure means that a variable fails to meet a criteria
The random variable is the number of successes in a fixed number of trials (outcomes)
P(Success) is constant for all trials
Trials are independent

























With replacement (Binomial Distribution)






An item selected from a population is placed back into 
the population after selection
Doing so leaves that probability of selecting items 
unchanged






Items are not returned to the population after selection
The probability of “success” changes with each trial
Assumes a “finite” population (small population of a known 
size)




Four ways of calculating 
Binomial Probabilities
1) A Binomial Probability Table
2) Pascal’s Triangle
3) Binomial Probability Formula




n X 0.01 0.05 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.75 0.80 0.90 0.95
5 0 0.951 0.774 0.590 0.328 0.237 0.168 0.078 0.031 0.010 0.002 0.001 0.000 0.000 0.000
1 0.048 0.204 0.328 0.410 0.396 0.360 0.259 0.156 0.077 0.028 0.015 0.006 0.000 0.000
2 0.001 0.021 0.073 0.205 0.264 0.309 0.346 0.313 0.230 0.132 0.088 0.051 0.008 0.001
3 0.000 0.001 0.008 0.051 0.088 0.132 0.230 0.313 0.346 0.309 0.264 0.205 0.073 0.021
4 0.000 0.000 0.000 0.006 0.015 0.028 0.077 0.156 0.259 0.360 0.396 0.410 0.328 0.204
5 0.000 0.000 0.000 0.000 0.001 0.002 0.010 0.031 0.078 0.168 0.237 0.328 0.590 0.774
Problem: What is the probability of 








Problem: What is the probability of 
getting 5 heads in 5 flips of a fair coin?
28
Binomial Distribution Table
n X 0.01 0.05 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.75 0.80 0.90 0.95
5 0 0.951 0.774 0.590 0.328 0.237 0.168 0.078 0.031 0.010 0.002 0.001 0.000 0.000 0.000
1 0.048 0.204 0.328 0.410 0.396 0.360 0.259 0.156 0.077 0.028 0.015 0.006 0.000 0.000
2 0.001 0.021 0.073 0.205 0.264 0.309 0.346 0.313 0.230 0.132 0.088 0.051 0.008 0.001
3 0.000 0.001 0.008 0.051 0.088 0.132 0.230 0.313 0.346 0.309 0.264 0.205 0.073 0.021
4 0.000 0.000 0.000 0.006 0.015 0.028 0.077 0.156 0.259 0.360 0.396 0.410 0.328 0.204












Row 1 1 1
Row 2 1 2 2
Row 3 1 3 3 1
Row 4 1 4 6 4 1
Row 5 1 5 10 10 5 1









Row 1 1 1
Row 2 1 2 2
Row 3 1 3 3 1
Row 4 1 4 6 4 1
Row 5 1 5 10 10 5 1
Row 6 1 6 15 20 15 6 1
Problem: What is the probability of 















Problems with using tables and Pascal’s Triangle
Using a binomial probability table or building 
Pascal’s Triangle can be laborious, especially as the 
number of trials increase
Binomial probabilities can be calculated using the 















Where: P(X) = Probability of X successes in n trials, X/n
nCx = Combination of x things taken from n things
π = Probability of a “success” in each trial
X = Number of successes (0, 1, 2, 3,…,n)




















Where: E(X) = Expected Frequency
n = Sample Size
p = Probability of a “success” in each trialBinomialFormula
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Clear-Sighted Statistics
Problem with the Binomial 
Probability Formula
Must run the formula for all outcomes: 0 heads, 1 
head, 2, heads, 3, heads, 4 heads, and 5 heads
Running the formula 6 times is time consuming










Where: n =  Sample Size
p = Probability of a “success” in each trial










Where: n =  Sample Size
p = Probability of a “success” in each trial







If Cumulative = FALSE, Excel returns the Probability Mass 
Function (PMF)
If Cumulative = TRUE, Excel returns the Cumulative 














0 1 2 3 4 5
Number of Heads






0 1 2 3 4 5
Number of Heads




π can be > 50% or < 50%
If π is < 50%, distribution will be 
skewed to the right
If π is > 50%, distribution will be 




A deck of cards has 52 cards in 4 suites: 
Hearts, Clubs, Diamonds, and Spades
41
What are the binomial 
probabilities of selecting a 
Spade in five trials?











0 1 2 3 4 5
Number of Spades
PMF for Picking a Spade
23.73%
63.28%
89.65% 98.44% 99.90% 100.00%
0 1 2 3 4 5
Number of Spades
CPD for Picking a Spade
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A deck of cards has 52 cards in 4 suites: 
Hearts, Clubs, Diamonds, and Spades
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What are the binomial probabilities of
not selecting a Spade in five trials?








0 1 2 3 4 5
Number of Non-Spades
CPD for Not Picking a Spade
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Excel






0 1 2 3 4 5
Number of Non-Spades










Two mutually exclusive outcomes: 
Success or Failure
The random variable is the number of successes





Use a Hypergeometric Probability 
Distribution when…
47
The experiment is binomial
Sampling is done without replacement from a 
finite population and
n/N is more than 0.05, where n = sample size and






Sampling without replacement from a finite population







Where: P(X) = Random Variable
C = Combinations
N = Population Size
n =  Sample Size/Number of Trials
X = Number of successes in the sample













The law firm Dewey, Cheatem, & Howe is forming a 
committee to oversee the firm’s work for charities
20 senior partners are eligible to serve on this committee
5 of these partners are female, 15 are male
The committee will have five members
What are the probabilities that this committee will have 0, 




Why this is a hypergeometric problem?
P(Female) changes with each trial because 
sampling conducted without replacement
Sampling from a finite population: 








Where: Population Size: N = 20
Sample Size: n =  5
Successes in Sample: X = 0
Success in Population: S = 5




































If Cumulative is TRUE, Excel returns the CPD



















92.74% 99.51% 99.99% 100.00%




Mean of the Hypergeometric 
Distributions
55








Where: n = Sample Size
N = Population Size




Variance of the Hypergeometric 
Distributions
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Where: n = Sample Size
N = Population Size



























Standard Deviation of the 
Hypergeometric Distributions
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Where: n = Sample Size
N = Population Size

































Poisson means fish in French
59http://math-fail.com/2010/05/poisson-distribution.htm l






Expresses the probability of a given number of independent 
outcomes when events occur at fixed intervals at a constant rate
Intervals may be time, area, distance, or volume
Intervals are independent
Intervals are mutually exclusive
The mean, μ, number of events per interval is λ (lambda)
60
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Family of Poisson Distributions
The family is distinguished by the 





The random variable is the number of “successes”
The probability of the random variable, P(X), is proportional 
to the length of the interval






P(X) is the random variable of the number of times an 
event occurs during the interval
The probability of the event, π, is proportional to the 
interval size














Where: P(X) Probability of a specific number of successes
X =  Number of successes
μ = Expected number of successes (sometimes this is symbolized as λ)







The probability that a person’s credit card 
will be hacked in a year is 0.0001 or 0.01%
If we look at 15,000 credit cards, what is 








In a random sample of 15,000 credit card, π with = 
0.0001 and μ = 1.50, what is the probability that:
No cards are hacked? P(0)

















X = Number of “successes”
Mean = Expected Value (Must be ≥ 0)











1.41% 0.35% 0.08% 0.01%






93.44% 98.14% 99.55% 99.91% 99.98% 100.00%
0 1 2 3 4 5 6 7 8
P(Hacked Credit Card)
Poisson: CPD



























Trials Yes No Yes
Fixed number of 




Other Discrete Probability 

































Except where otherwise noted Clear-Sighted Statistics is licensed under
a Creative Commons License. You are free to share derivatives of this work
for non-commercial purposes only. Please attribute this work to Edward Volchok.
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